Reflection and transmission of narrow beams at a dielectric interface is analysed. It is confirmed that for arbitrary incidence two types of beams -Elegant HermiteGaussians of linear polarization and Elegant Laguerre-Gaussians of circular polarization, both defined in the interface plane -can be treated as vector normal modes of the interface. Excitation of higher-order modes by cross-polarization coupling is described by changes of mode indices induced by generalised transmission and reflection matrices. It is explicitly shown that, off-axis in general, spectral placements of the excited optical vortices are determined by elements of these matrices, depended in turn on beam incidence. Numerical simulations of beam reflection entirely confirm theoretical predictions. The current paper is a continuation and extension of a previous work by W. Nasalski [Phys. Rev. E 74, 056613 (2006)].
INTRODUCTION
It is known that a field structure of a bounded beam of light reflected or refracted at a planar interface differs substantially from that of an incident beam in its intensity, phase and polarization [1, 2] . For sufficiently wide beams these differences can be described approximately by beam frame displacements from predictions of geometric optics (g-o) and by appropriate coordinate scaling (see [3] and references therein). Among these effects the known the most are the longitudinal Goos-Hänchen [4, 5] and transverse Imbert-Fedorov [6, 7] shifts.
However this geometrical approach works well for three-dimensional (3D) beams of crosssection diameters not less than around ten wavelegths. Moreover, even in this range and in spite of the case of the fundamental Gaussian, only higher-order non-singular beams, the field of which can be factorised into two two-dimensional (2D) beam fields, like Hermite-Gaussian (HG) beams, can be in principle treated efficiently in this way [3] .
Recently, beams of helical phase structure are under intense research, because of many interesting applications ranging from quantum communication to visualisation in biology and medicine. However Lagurre-Gaussian (LG) beams for example, even of diameter of the order of hundreds wavelegths or more, suffer at the dielectric interface from such huge distortions, that the standard geometrical displacements of their field distributions are not sufficient to describe them even approximately [8] . It seems that reasons for these distortions are inhibited, besides of beam elliptic polarization, in the very specific interrelations between beam angular momentum (AM), beam spectrum and placement of optical vortices embedded in the beam field [9] . A remedy in this situation may be to search for the information on the beam directly in its spectral, instead of direct spatial, field distribution [10, 11] . It was recently shown that inspection of the information encoded in spiral spectra of light beams has promising potential in optical imaging [11] .
A full-wave vectorial analysis of beams of this type at the dielectric interface was recently reported [12] . The method was applied to HG and LG beams in their elegant version devised some time ago by Siegman [13, 14] . Such beams appeared to be good candidates for normal modes at any planar dielectric structure. It was shown that cross-polarization coupling (XPC) between orthogonal beam components is responsible for excitation of higher-order beams at such a structure, in the case of their sufficiently narrow cross-sections. Although the method presented in [12] is quite general, only the problem of beam transmission under normal incidence has been there discussed numerically in deep. This contribution extends those results, discussed here for arbitrary beam incidence in parallel in the configuration and spectral domains. Similarities and differences in behaviour of HG and LG beams at the interface will be carefully discussed, basic mechanism of optical vortices excitation will be described in detail and off-axis placements of excited optical vortices will be exactly determined in the beam spectra. Numerical examples showing reflection of the beams with their radius of the order of one wavelegth, that is narrow enough to be below the paraxial limit, will be presented.
In section 2 basic relations describing elegant beams will be shortly outlined. In sections 3 and 5 expressions for transmission and reflection matrices will be given. Details of their derivation were presented in [12] , which in turn follows earlier author's analyses published in another context [15] [16] [17] , where the idea of the XPC beam-interface interactions was first explicitly introduced in [16] . Results of independent numerical simulations, based on direct integration of Maxwell equations at the interface -not simply on the equations derived, will be also presented in sections 4 and 6. They confirm the outcome of the analysis obtained on a purely analytical level. The interface will be considered as homogeneous, lossless and isotropic.
Only results on beam internal reflection at the interface, with dielectric contrast equal two, will be given, as those on beam refraction were already reported in [12] . Finally, additional comments are given in section 7 and main conclusions summarise the paper in section 8.
BASIC DEFINITIONS FOR ELEGANT BEAMS
There are two levels of spectral analysis of beam fields at the interface. At the geometric-optical true modes at the interface are vectors not scalars because the interface couples the polarization and spatial characteristics of beam fields [12, [15] [16] [17] .
Only monochromatic fields are considered with the propagation term Still, for uniform (transverse) polarization, we can consider scalar modes for free space propagation. Two sets of such modes or beams will be considered further -Elegant HermiteGaussian (EHG) beams and Elegant Laguerre-Gaussian (ELG) beams [13, 14, 18, 19] . They specify solutions to the problem in the two coordinate systems: Cartezian OXYZ of rectangular symmetry and cylindrical Z Or ψ ⊥ of cylindrical symmetry. It appears that the elegant beams are particularly suitable in description of beam fields at the interface provided that they are defined at the interface plane Y X − instead, as usual, in the beam transverse plane y x − (see figure 1) [12]. It will be shown that the fields of the EHG and ELG beams fit very well to transmission and reflection matrices defined in the interface plane.
Let us consider normal incidence ( 0
) first. In this case the two planes Y X − and y x − coincide. In the Cartezian coordinates the Fock (paraxial) wave equation reads
with the Elegant solution in the form of the EHG beam mode 
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The amplitude of the EHG beam is determined by the condition 
with Elegant solution given in a form of ELG modes:
of the radial p and azimuthal l indices contributing to the beam order
and the ELG modes are expressed by the associated Laguerre polynomials it is equal to a topological charge of a screw phase dislocation or an optical vortex, which the beam field contains. The radial index or node number p is a non-negative integer, which determines a radially symmetric beam structure with, besides the fundamental Gaussian case, zero on-axis intensity.
For oblique incidence ( 0 ) (
) the above definitions of the Elegant beams still remain valid provided that the projection of the transverse (to the propagation direction) field distribution of the fundamental Gaussian on the interface, or in general on the plane
parallel to the interface, was performed first [12] . In this plane different plane waves acquire additional phase shifts dependent of the incidence angles ) (i ϑ and ϕ . These changes modify the commonly understood definitions of the Elegant beams. Therefore such the beams should be called rather as the Projected Elegant -PEHG and PELG -beams in the context of their oblique incidence. and being below the paraxial limit, will be taken in all numerical simulations. 
BEAM-INTERFACE RELATIONS IN RECTANGULAR COORDINATES
where
. It is stipulated that 1 = = s p r r for critical incidence of total internal reflection (TIR). Then, in the interface, the continuity relations of tangent field components are given by:
where 1 is a unit matrix and σ stand for diagonal matrix of
. Note that matrices (13)- (14) do not depend of the azimuthal angleϕ and are defined in one, usually taken as a main, incidence plane [15] .
However, 3D beams are composed of infinite number of plane waves and each plane wave is distinguished by two angles of incidence -a polar angle ϑ and an azimuthal angle ϕ , where the latter defines a local incidence plane attributed to this plane wave [15] . 
and the XPC coefficients
) (
. Their role in the XPC interactions will appear evident further.
The matrices
could be given in their diagonal form due to introduction of the complex polarization parameter:
dependent in general on ) (i ϑ and ϕ , and equal to ∞ , 0, -i and i for TM, TE, CR and CL beam polarization states of the incident beam, respectively. These matrices relate spectral components
of the beam fields at the interface:
and fulfil there the field continuity relations:
Therefore, for incidence of 3D beams, the Fresnel matrices 
. Then they are separated into following diagonal/antidiagonal components [17] :
Although the decomposition (26)- (27) is exact, the subsequent terms in this decomposition can be interpreted as the zero-order (Fresnel), first-order and second-order (with respect to Y k or ϕ )
contributions to beam transmission and reflection. Only the first-order terms are created by the XPC effect at the interface and only these terms are dependent -through depend also, through the Fresnel coefficients, on the polar angle
Exactly in the incidence plane ( 0 = ϕ ) the first-order and second-order terms in Eqs (26)- (27) disappear and only the zero-order term, determined by rules of geometrical optics, remains.
In this plane the generalised matrices (26)- (27) resolve plainly into the Fresnel or g-o matrices (13)- (14) . Elements of these matrices can be further expressed by For reasons which will be evident soon, let us assume for a while that ϕ is small and approximate additionally the decomposition (26)- (27) , in the vicinity of the incidence plane and up to the second-order terms, by expansion of the beam field with respect to
, both expansions, longitudinal with respect to ) (i ϑ and transverse with respect to ϕ , lead to the well known description of beams in terms of the firstorder and the second-order effects of nonspecular transmission and reflection: longitudinalalong the X axis and transverse -along the Y axis [3, [15] [16] [17] . It was numerically verified that this beam description is valid as well for the transmitted near-beam-field at TIR [20] or even in cases of nonlinear interfaces [21] .
Meanwhile the longitudinal effects depend on derivatives with respect to (12)- (19) and (A.1)-(A.4) in Ref. [16] or Eqs (18)- (22) in Ref. [17] ). Moreover, these nonspecular effects can be further separated into changes of the beam complex amplitude and polarization (see Eqs (30)-(37) in Ref. [17] ).
Under oblique incidence all the first-order and second-order beam shifts produce composite beam displacements in the plane of interface independently in the longitudinal and transverse directions. Due to the angular shift of the beam direction these composite displacements directly depend on the propagation distance (from its actual waist position) of the incident beam and are enhanced when the beam waist centre is placed far from the interface (cf. Eq. (15) in Ref. [16] ).
The role of beam propagation enhancement of these displacements has been also recently confirmed in the context of their measurements by weak measurement techniques [22] . Note however that for normal incidence the first-order beam displacements disappear completely [12, 16] .
HERMITE-GAUSSIAN MODES OF THE INTERFACE
Eqs (26)- (27) The EHG/PEHG beams are defined in the configuration domain by differentiation of the fundamental Gaussian beam field (see Eq. 3). In the spectral domain these definitions are equivalent to the algebraic expression:
[ ]
As it was stipulated in section 2 the beam amplitude is set by the condition polarization. We assume that the impact of the second-order term in the decomposition (26)- (27) is negligibly small, as previous numerical simulations confirm this assumption [12] . Then, within this first-order approximation, Eqs (26)- (27) yield the transmitted and reflected beam fields of the form [12] : figures 3d-3f are modified, rather slightly by the beam projection and rather strongly by the discontinuity in derivatives of the Fresnel coefficients at the critical incidence. Below critical incidence the spectrum is weak, above critical incidence the spectrum is strong and in addition shifted in phase. Still, however, the main mode structure typical for normal incidence survives in the transverse Y direction.
The reflected beam field shows different, with respect to the case of normal incidence, behaviour along the X direction. Because of the narrow range of the azimuthal angle ϕ this case is more directly described by applying the next step: 
= θ
). Besides this value all other data are the same as in figure 2 .
The PEHG beams under oblique incidence behave differently than the EHG beams under component. Therefore the creation of higher-order modes by XPC effect is much more efficient at critical incidence than at normal incidence.
In addition, the asymmetry of the Fresnel reflection coefficients p r , s r with respect to ϑ leads to the reflected beam shifts in X direction and their singularities at the critical incidence cause further enhancements of these shifts [16, 17] . These longitudinal shifts are clearly visible in figures 3b-3c. Moreover, the dependence of the modification terms TM ∆ and TE ∆ on the azimuthal angle ϕ produces further small transverse shifts in the plane 0 = X [16, 17] , too small, however, to be directly shown here. Still, the results of numerical simulations shown in figure 3 fully confirm analytical predictions of these shifts given in Refs [16] and [17] , together with numerical simulations given there on the grounds of these equations.
Although the field decompositions (30)- (31) and (32)- (33) 
BEAM-INTERFACE RELATIONS IN CYLINDRICAL COORDINATES
The EHG/PEHG beams are normal modes at the interface only within the first-order approximation to the beam field with respect to the azimuthal angle ϕ . The question therefore arises whether there are other beams with different shape and polarization which can considered as normal modes and which determine the beam field exactly. The answer is positive -the beams symmetric with respect to cylindrical coordinates of circular polarization are such good candidates in this case [12] .
Therefore let us now rewrite the expressions given previously for the EHG/PEHG beams through the straightforward unitary transformation in the circular polarization basis [12] :
and with the new polarization parameter given in this basis:
The parameter 
[ ] The g-o coefficients take the form of averages of the Fresnel coefficients ) (
, in addition modified by the XPC terms:
Note that CX t and CX r are the XPC transmission and reflection coefficients, respectively (see
Eqs (20)-(21)).
The g-o coefficients C t and C r yield the diagonal 2 2 × matrices 
If, however, the beam incidence is normal, then All these characteristic features of beams of circular symmetry are explicitly shown in the diagonal/antidiagonal decomposition [12] , alternative to the definitions (40)- (41): (26)- (27) in the rectangular symmetry [17] , into the zero-, first-and second-order terms with respect to ϕ :
It is evident that the first g-o term in the CR/CL decomposition (51)- (52) (26)- (27) . Two next terms in
Eqs (51)- (52) are just the XPC modifications to this g-o contribution. There are significant differences between the decomposition (26)- (27) interactions is here interesting the most from the fundamental and application points of view.
LAGUERRE-GAUSSIAN MODES OF THE INTERFACE
Potential of the relations (49)- (52) can be checked by the analysis of the ELG/PELG beams at the interface. They are defined by appropriate differentiation (9) of the fundamental Gaussian beam field in the configuration domain. In the spectral domain, that definition is equivalent to the algebraic expression: 
was applied [12] .
For incidence of the beam field
, specified by the in general nonuniform and complex beam components R ã and R ã , the relations (51)-(54) yield [12] : The case of critical incidence of the CL polarized ELG 2, 4 beam collimated at the interface is shown in figure 5 through the beam field intensity and phase distribution in the spectral domain.
As for the PEHG beams the symmetry specific to normal incidence is broken by (i) the field interpretation of what it really shows would be rather difficult. width should become smaller. It seems that the process of vortex excitation under oblique incidence is a characteristic feature of behaviour of nonparaxial beams at the interface.
Note finally that, as in the case of incidence of EHG/PEHG beams of TM or TE polarization, for incidence of ELG/PELG beams of CR or CL polarization the transmitted/reflected beam is composed also of the ELG/PELG modes in the two opposite polarization components. In spite of the beam deformations the beam indices are exactly specified without any approximation to the transmission and reflection matrices (49)-(52). Therefore the ELG/PELG beams may be regarded as exact normal modes of the dielectric interface -exact because their relations (55)-(56) at the interface are exact.
ADDITIONAL COMMENTS
The analysis applied in this paper for the beam-interface interactions is quite general. In Refs [12] , [16] and [17] the XPC effects were numerically analysed mainly for seemingly the most interesting cases of normal and critical incidences at the interface. However, they certainly exist in other configurations and incidence angles. By use of appropriately defined transfer and scattering matrices the method can be directly generalised into cases of beams at any planar multilayered structure [26] . That includes structures composed of nonlinear media as well, where the XPC effect is augmented by effects of self-and cross-phase modulation [21] . The XPC effects were also recently reported for a linearly polarized fundamental Gaussian beam incident upon the interface at a Brewster angle [27] . ∆ still depend on ϕ . However, the interpretation of these effects is not so straightforward as the rectangular symmetry necessary in this case is blurred by the cylindrical symmetry of the obliquely incident PELG beams.
On the other hand, it is still possible to analyse the deformations of the PELG beams directly by use of the effects or transformations of nonspecular transmission and reflection of the PEHG beams. These effects can be evaluated in rectangular coordinate system accordingly to the procedure suggested in [15] [16] [17] and further separated into two transformations related to the beam amplitude and to the beam polarization [17] . While the polarization transformations describe the action of the interface, or in general of any multilayered structure, in terms of Lorentz transformations, the amplitude transformations yield spatial beam shaping [17] .
As both families of these beams form complete biorthogonal sets of solutions of the paraxial wave equation, any PELG beam can be expressed by a linear combination of the PEHG beams and vice versa [23, 24] . Moreover, the expansion coefficients of such decompositions for the elegant HG and LG beams are determined by their counterparts for standard beams [3, 28] , a feature being characteristic even for more general classes of beams [29, 30] . 
where [23, 24] . To estimate the PELG beam displacements or deformations, one may analyse these effects first for PEHG beams along the lines described in [15] [16] [17] . Next, using the expansion coefficients determined by Eq. (58), one could obtain the deformed rather than displaced PELG beams by incorporating these effects into the mode components of the expansion (57).
For beams sufficiently wide to be within a deep paraxial range and for fundamental Gaussian incidence, direct application of the method developed in [15] [16] [17] is adequate in analysing the effects of beam nonspecular transmission and reflection at the interface. The method covers all cases ranged from internal reflection to partial transmission, fully accounts for vectorial and 3D nature of beam fields and yields analytical expressions for beam polarization, intensity and phase. Moreover, it relates the nonspecular modifications of beam mode shapes with beam polarization through the polarization parameter (22) or the XPC effect [12] , which accounts for all cases of beam polarization, including nonuniform polarization as well. The method provides, in the spectral and configuration domains, the description of all the first-order and second-order nonspecular effects, including those affecting the beam centre position, beam propagation direction and width, as well as the on-axis amplitude and phase [15] [16] [17] .
SUMMARY AND CONCLUSIONS
Beam interaction with the dielectric interface has been analysed in the rectangular and cylindrical coordinate systems. It was shown that the Fresnel transmission/reflection coefficients should be replaced by their generalisations appropriate for 3D beams. All, the g-o or zero-order, first-order and second-order, contributions to the beam field are governed by these new coefficients -C t , C r of the g-o type and CX t , CX r of the XPC type. Accordingly to the definitions (20)- (21) and (42)- (43) [12] , will be reported elsewhere [31] . The analysis has been presented for the case of a single interface but its generalisation to the case of any planar multilayer is straightforward.
